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numerical simulations. The excellent quality of the interferometric
fringe patterns obtained from the AF-ESPI method is demonstrated.
In Figs. 3-5, we indicate the phase of displacementin finite element
results with a+ or — sign. The regions of the same sign have in-
phase motion, and nodal lines (thick black lines) are also shown in
Figs.3-5. The brightestfringeson the experimentalresults represent
the nodal lines of the vibrating cracked plate at resonant frequen-
cies. The rest of the fringes are contours of constant displacement.
It can be seen that the vibration mode shapes obtained experimen-
tally agree very well with those obtained from the finite element
method.

The related amplitude A;,i=1,2,3,...,n, for the ith fringe
in the experimental results can be quantitatively calculated by the
roots R; of Jo(I"A;) = 0. The first 10 roots R; for Jy(R;) =0 are 2.4,
5.52,8.65,11.79,14.93,18.07,21.21,24.35,27.49, and 30.63. The
correspondent amplitude A; of the out-of-plane displacement can
be evaluated by the following equation:

AR,

A= 2 (1 4 cosb) ®)

We use 6 =10 deg for the experimental setup and A = 632.8 nm;
the related amplitudes for the first 10 dark fringes are A;,i=
1~10,=0.12, 0.28, 0.44, 0.6, 0.76, 0.92, 1.08, 1.24, 1.41, and
1.57 pm. The maximum value of the vibration displacement and
related amplitudes of some fringes in the experimental results are
indicated in Figs. 3-5. Note that the vibration displacements ob-
tained in this study are in the order of a micrometer.

Because the crack will introduce a new free boundary of the can-
tilever plate, the mode shape of a cracked plate is complicated and
quite different from that of a plate without a crack. A complete dis-
cussion of out-of-plane vibration mode shapes for different bound-
ary conditions of isotropic plates without cracks was presented by
Huang and Ma.” The vibrating mode shapes of the first and the sec-
ond modes shown in Figs. 3-5 are pure bending and torsion modes,
respectively. The mode shapes for long cracks (Figs. 4 and 5;a = 35
and 50 mm) are similar, but they are quite differentif compared with
mode shapes for the short crack (Fig. 3; @ =20 mm). Note that the
displacements along the crack surface for the first 10 modes are all
in-phase for the short crack and that the nodal lines will not pass the
crack surface. However, the nodal lines of modes 7 and 9 for long
cracks are terminated at the crack surface.

III. Conclusions

Investigation of the vibration problem by employing the ESPI
method has the advantages of real-time and noncontact measure-
ment, submicron sensitivity, digital image processing, and so on. In
this Note, a self-arranged AF-ESPI optical setup with good fringe
visibility and noise reduction was established to obtain the res-
onant frequencies and corresponding mode shapes of cantilever
cracked plates at the same time. Compared with the spectrum analy-
sis method or modal analysis method, AF-ESPI is more convenient
in experimental measurement, and excellent quality of the inter-
ferometric fringe patterns are obtained. Numerical calculations of
resonant frequencies and mode shapes based on a finite element
package are also performed, and good agreement is obtained in
comparison with experimental measurements. The influence of the
cracklength on the vibrationbehaviorof the cantilevercracked plate
is discussedin detail. Note that frequencies obtained experimentally
are typically lower than theoretical ones because one cannot get the
perfectly rigid clamping condition.
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I. Introduction

HE increasing need for weight saving and structural efficiency

of aerospace vehicles has prompted wide use of thin-walled
beam structures.! At the same time, due to the increased impor-
tance of composite materials in the design of aerospace vehicles,
the concept of anisotropic thin-walled beam model has reached
special prominence in the last two decades.!> However, in contrast
to the metallic structures, the composite structures exhibit signifi-
cantnonclassical effects such as transverse shear, warping restraint,
three-dimensionalstrain effect, and contourwise shear stiffness vari-
ations. Toward a reliable design, these effects should be accounted
for and assessed even in the predesign process. In fact, in the past
years, a number of analytical models of anisotropic thin-walled
beams have been proposed and validated either numerically or in
light of the experimental evidence? On the other hand, although
a refined thin-walled beam theory originally developed by Song?
and Librescu and Song' has been extensively used for the study,
among others, of dynamic response/structural feedback control 10
and static aeroelasticity?”-!""12 no validationsof it against the exper-
imental, analytical, or numerical predictions obtained within other
thin-walledbeam models are availablein literature. Within the frame
of this refined model, some effects such as the three-dimensional
strain effect'>!* and nonuniformityeffect of contourwise shear stiff-
ness, that are also usually significant for the laminated composite
beams?>!*~15 and were not formerly accounted for, are further incor-
porated, and the model hereby developed is investigated against the
available data from experiments, finite element method, and other
analytical models.

II. Theory

A single-cell, closed cross section, fiber-reinforced composite
thin-walled beam is considered. The coordinate system that is
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Fig.1 Coordinate system and displacement field for the beam model.

usually used in the analyses of aircraft wings is adopted (Fig. 1).
Based on the basic assumptions formulatedin Refs. 1 and 3, the fol-
lowing representationof the three-dimensionaldisplacement quan-
tities is postulated:

u(x7 Y, Z7t) = uo()’»t) +Z¢()’»t)

w()ﬁy,Z»t):wo()’»t)_x‘p()’»t) (la)

U(x7 Y, Z7t) = UO()’J) + [}C(S) - n%}ez(yﬁt)

d'x ’
+ |:Z(S) + nai|9x(y, 1) = [Fu(s) +na(s)lg'(y, 1) (1b)
where

O:(y, 1) =y (3, 1) —wy(y, 1)

0.(v,1) = ’ - (£ &) @
[0 D) =Yy (0. 0) —up(r, 0, als) = -\ 2o X 2)

In the preceding expressions, 6, (y, 1), 6,(y, t), and ¢ (y, t) are the
rotations of the cross section about the axes x and z and the twist
about the y axis, respectively; y,.(y, t) and y,,(y, f) are the trans-
verse shear strain measures, and F,(s) is the warping function
expressed as

Fo(s) = / [ra(s) — ¥(5)]ds 3)
0

in Eq. (3), the torsional function v (s) and the quantity r,(s) are
expressed as

Y(s) = ff r (S)ds/h(S)GU(S)‘(f G )G‘)(s)
dx

ra(s) = ZE — xa “)

where G, (s) is the effective membrane shear stiffness, which is
defined as"?
N,

_ sy
Gy(9) = 7t 70 ®)

Notice that for the thin-walled beam theory considered herein, the
six kinematicvariables,u(y, 1), vo(y, 1), wo(y, 1), 0, (¥, 1),0.(y, 1),
and ¢ (y, t), that representone-dimensionaldisplacement measures
constitutethe basic unknown quantities of the problem. When trans-
verse shear effects are ignored, Eq. (2) degeneratesto 6, = —w; and
0, = —u,, and as a result, the number of the basic unknown quanti-
ties reduces to four. Such a case leads to the classical, unshearable
beam model.

Based on the assumption related to the three-dimensional strain
effect, the stress resultants and stress couples can be reduced to the
following expressions:

Nyy Ky Kip Kz Ky Eyy
Ny, _ Ky, Ky K Ky y& 6
Ly, Ky Ky Ky Ky o'
Ly, Ksi K Ku K |
N”y = [A44 - A4215/A55]yny (6b)

inwhich K;; are the reducedstiffnesscoefficients, 8 and &’ &, arethe
axial strain components assomated with the pr1mary and secondary
warping, respectively; and y is a measure corresponding to the
transformed transverse shear strain in the local coordinate system
(s, y.m).

The one-dimensional stress resultant and stress couple measures
are defined as follows:

d
Ty(y’t) = % N)’,V dS, Mz(y7t) :‘¢\ ()CNyy - Lyy Z)ds
c c d
dx
M. (y,1) :‘¢\ (ZNyy +Lyy_>ds
c ds
Q(t)—f]gNdx Nd d
X y» - p sy ds ,,)d )
dz dx
Q(y,t)—?g( 0T +N,,)d )ds

Bw()’» t) = _¢ [Fw(s)Nyy + a(s)Lyy] ds
Cc

M(y, 1) = ?§ Ny ¥ (s)ds (7)
C

For general anisotropic and heterogeneous materials, the stiffness
matrix that correlates the one-dimensional stress resultants and
stress couples 7y, M, ..., M,, where the one-dimensional strain
measures are fully populated. This results in completely coupled
governing systems implying that the motions hereby described,
namely, the lateral and vertical transversebendings, the twist, the ex-
tension, the transverse shearing and the warping, are fully coupled.
However, for the purpose of validation, the following special cases
yielding specialelastic couplingswill be investigated,namely, 1) the
cross-ply layup, 2) the circumferentially uniform stiffness (CUS)
layup (also refered to as the anti-symmetriclayup'?), and 3) the cir-
cumferentiallyasymmetric stiffness (CAS) layup (also referred to as
the symmetric layup'®). All of the validations are on the thin-walled
box beams.

The governingequations and the associated boundary conditions
for these special layups in terms of the basic unknowns are then
obtained via Hamilton’s principle. The extended Galerkin’s method
(EGM) (see Refs. 9 and 16) is used for the actual numerical solution.
As for the material properties of thin-walled beams used in the
validation of static response, these are summarized in Table 2 of
Ref. 17, the geometric specification of the beams is summarized
in Table 2 of Ref. 14, and the layups are specified in Table 3 of
Ref. 14. The material, geometric,and layupspecificationsusedin the
validation of dynamic characteristics of the thin-walled beams are
listedin Table 1 of Ref. 18. Note that, for the purpose of convenience,
the ply angle in this Note is defined in Ref. 14.

III. Validation and Discussion

Both the staticresponseand eigenfrequencycharacteristicsare in-
vestigated. Figure 2 shows the influence of nonuniformity of shear
stiffness G,, on the bending slope of the CAS3 test beam (de-
fined in Ref. 14) subject to a tip torque. In this case, the uniform
shear model predicts only 50% of the deformation as predicted by
the nonuniform counterpart. A similar phenomenon (the significant
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Table1l Dynamic validation: comparison of the natural frequencies

Mode Experiment,® Analytical,

Difference with

Difference with

Layup no. Ref. 18 Ref. 17  experiment data, % Present experiment data, %
[30]¢ CAS 1 20.96 19.92 —4.96 21.8 4.00

2 128.36 124.73 —2.83 123.28 -3.96
[45]¢ CAS 1 16.67 14.69 —11.88 15.04 -9.78

2 96.15 92.02 —4.30 92.39 -3.91

4Data are obtained from Ref. 18 that are also listed in Ref. 17.
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Fig. 2 Influence of shear variation on the bending slope of the CAS3
test beam by 0.113 N - m tip torque (for the source of the experimental
data, see Ref. 14).
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Fig.3 Twist angle of the CAS3 beam by 0.113 N - m tip torque (for the
source of the experimental data and finite element analysis result, see
Ref. 14).

discrepancy) was also reported by Smith and Chopra.’® Figure 2
also clearly demonstratesthat incorporationof the nonuniformityof
the shear stiffness within the earlier developed refined thin-walled
beam model has a potential to significantly improve its prediction
accuracy.

Figure 3 supplies the twist angle predictionof a thin-walled beam
featuring the CAS3 configuration. The displayed comparison re-
veals that the present prediction is in excellent agreement with the
ones provided by experiments and the finite element method.

Compared with the static validation, for the purpose of dynamic
validation of thin-walled beam models, there are very few experi-
mental data available in the literature. Table 1 lists some results of
natural frequencies predicted by the present model. Results show
that the present model yields good agreement with the experimental
data. Notice that consistentlower predictions of the natural frequen-
cies of the CAS test beams listed in this Note are obtained by the
analytical model by Armanios and Badir,!” even though the trans-
verse shear effect was not included in the latter model.

IV. Conclusions

Within the framework of an existing refined thin-walled beam
model, the three-dimensionalstrain effect and the nonuniformity of
the contourwise shear effect are further incorporated, and the model
hereby developedis investigated. Validation results obtained by the
presentmodel reveal the excellence of predictions when comparing

these results with some of the experimental data available in the
literature. Because of the limited space available, many other results
highlighting the high accuracy of the predictions provided by this
model and also the emerging conclusions have not been presented.
These results will be presented elsewhere.
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